Abstract. We introduce the notion of Q-commuting operators which is a generalization of commuting operators. We prove a generalized version of commutant lifting theorem and Ando's dilation theorem in the context of Q-commuting operators.
Introduction
Through out this article H, K denote complex Hilbert spaces and B(·) denote the space of all bounded linear maps. Let H i ⊆ K i , i = 1, 2 be Hilbert spaces and T ∈ B(H 1 , H 2 ). Then an operator S ∈ B(K 1 , K 2 ) is said to be an (iii) dilation of T if T n = P H2 S n | H1 for all n ≥ 0, where P H2 ∈ B(K 2 ) is the projection onto H 2 .
In each case, with respect to the decompositions K i = H i ⊕ H Ando ([1] ) proved that given any two commuting contractions T 1 , T 2 ∈ B(H) there exist a Hilbert space K 0 ⊇ H and commuting isometries V 1 , V 2 ∈ B(K 0 ) such that
for all n, m ≥ 0. In fact, V i can be chosen to be a lifting of T i , i = 1, 2. Further using Ito's theorem [2] he concluded that there exists a Hilbert space K ⊇ H and commuting unitary operators U 1 , U 2 ∈ B(K) such that
Let T i ∈ B(H i ) be a contraction with isometric lifting (V i , K i ) (respectively co-isometric extension (W i , K i )) i = 1, 2. Suppose X ∈ B(H 1 , H 2 ) intertwine T 1 and T 2 , i.e., XT 1 = T 2 X. Then due to Sz-Nagy and Foias ( [6] , [7] ) there exists a norm-preserving lifting (respectively extension) Y of X which intertwine V 1 and V 2 (respectively W 1 and W 2 ). This is called intertwining lifting (respectively intertwining coextension) theorem. The case when T 1 = T 2 and V 1 = V 2 (respectively W 1 = W 2 ) is known as commutant lifting (respectively commutant co-extension) theorem. In [4] Sebestyen proved analogues of commutant lifting theorem and Ando's dilation theorem for anticommuting pair (i.e., In this article we introduce Q-commuting operators (see Definition 2.1) which generalizes the notion of q-commuting operators. Our main aim is to prove an analogue of Ando-dilation theorem and commutant lifting theorem for this new class of operators. Theorem 2.6 characterizes Q-commutant of a contraction in terms of the Q-commutant of its minimal isometric dilation. This is a generalized version of (q-)commutant lifting theorem ( [6, 10] ). The proof uses Schaffer construction. Further using ideas from [8] we prove generalized versions (see Theorem 2.8, 2.14) of (q-)intertwining lifting theorem. Theorem 2.13 characterizes Q-commutant of a contraction in terms of the Q-commutant of its minimal unitary dilation. Finally we prove our main theorems that Q-commuting contractions can be dilated into Qcommuting isometries (Theorem 2.15) and further into Q-commuting unitaries (Theorem 2.19). These results generalize Ando's dilation theorem and q-commutant dilation theorem.
Main results
Suppose H, K are Hilbert spaces such that H ⊆ K. Given any Q ∈ B(H) we let Q K (or simply Q) denotes any operator on K such that H is a reducing subspace for Q and Q| H = Q. Note that (Q ⊕ I H ⊥ ) ∈ B(K) is an example for such an operator Q. If Q is a contraction or (co-)isometry or unitary, then we require Q also to be a contraction or (co-)isometry or unitary respectively. Definition 2.1. Given Q ∈ B(H) two operators T 1 , T 2 ∈ B(H) are said to be Q-commuting if one of the following happens:
If Q = I H (respectively Q = −I H ), then Q-commuting means commuting (respectively anti-commuting). The above example shows that given two operators S, T ∈ B(H), there may not exists always an operator Q ∈ B(H) such that S and T are Q-commuting. However, the next Lemma says that given two operators T, Q ∈ B(H), under some suitable conditions, there always exists an operator S ∈ B(H) such that S and T are Q-commuting. This is a generalization of [10, Lemma 3.5] . Recall that T ∈ B(H) is called a pure co-isometry if T T * = I and T * n → 0 in strong operator topology.
Lemma 2.5. Suppose T ∈ B(H) is a pure co-isometry and Q ∈ B(H) is an isometry. If T * (H) is invariant for Q, then there exists a co-isometry S ∈ B(H) such that ST = T SQ.
Proof.
Thus S 0 is a well defined isometry. Moreover, for w n ∈ W, n ≥ 1 we have
hence S 0 T * = QT * S 0 . Take adjoint on both sides to get ST = T SQ where S = S * 0 .
2.1. Lifting theorems. We recall some basic facts which we will be using frequently. Suppose
Similarly if Y is any lifting of X, then we have
for all n, m ≥ 0. Now we prove an analogue of commutant lifting theorem for Q-commuting operators.
Theorem 2.6 (Q-commutant lifting). Suppose Q, T ∈ B(H) are contractions and (V, K) is any isometric lifting of T . Let Q ∈ B(K) and X ∈ B(H).
(
Further assume that Q is a unitary.
In all cases T
Note that V is an isometry. Also since Q * | H = Q * and V * | H = T * we have
Clearly V is an isometric lifting of the contraction T . Since T X = X T , by commutant lifting theorem, Remark 2.7. In Theorem 2.6(iii) suppose Q is only a co-isometry, so that T X = XT Q * . The above proof shows that, in such case also we can get a lifting Y of X satisfying all properties except the equality
Theorem 2.8 (Q-intertwining lifting). Let T i ∈ B(H i ) be a contraction with isometric lifting (V
, and let X ∈ B(H 1 , H 2 ). Suppose Q ∈ B(H 2 ) and Q ∈ B(K 2 ) are contractions.
In all cases
, and
Note that H 1 ⊕ H 2 is reducing for the contraction Q and Q| H1⊕H2 = Q. Since X T = Q T X and V is an isometric lifting of T , by Theorem 2.6, there exists a lifting 
Suppose T ∈ B(H). Recall that (V, K) is an isometric lifting of a T if and only if (V
co-isometric extension of T * . So we can restate the Theorems 2.6, 2.8 as follows. We will be using this versions later.
Theorem 2.9 (Q-commutant extension). Suppose Q, T ∈ B(H) are contractions and (W, K) is any coisometric extension of T . Let Q ∈ B(K) and X ∈ B(H). (i) If XT Q = T X, then there exists an extension
Theorem 2.10 (Q-intertwining extension). Let T i ∈ B(H i ) be a contraction with co-isometric extension
Remark 2.11. Note that case (i) is a stronger version of [5, Theorem 3] . In [5] Sebestyen considered Q ∈ B(K 1 ) with the additional assumption that span{W * k
Recall that minimal isometric dilation is an isometric lifting. Thus, Theorem 2.6 characterizes the operators X which are Q-commutant to T in terms of the operators Y which are Q-commutant to the minimal isometric dilation V of T . Next theorem characterizes such operators X in terms of the operators Y which are Q-commutant to the minimal unitary dilation of T , provided Q is a unitary. To prove our result we use the following lemma. 
Lemma 2.12 ([8]). Suppose T ∈ B(H) is a contraction with the unique minimal co-isometric extension
Theorem 2.13. Let T ∈ B(H) be a contraction with the minimal unitary dilation (U, K). Suppose Q ∈ B(H) is an unitary and let X ∈ B(H).
In all cases
Proof. We prove only the case (i), and case (ii) can be proved similarly. Suppose (W, K 0 ) the minimal co-isometric extension of T . From Lemma 2.12 and the uniqueness of minimal unitary dilation we can
and Y * n 0 W * m = P K0 Y * n U * m | K0 for all n, m ≥ 0. Note that Y has the required properties.
Theorem 2.14. Let T i ∈ B(H i ) be a contraction with the minimal unitary dilation (U i , K i ), i = 1, 2, and
is an unitary and
(ii) Suppose Q ∈ B(H 1 ) is an unitary and
Proof is similar to that of Theorem 2.8.
Dilation theorems.
In this section we prove an analogue of Ando's dilation theorem for Qcommuting contractions. 
and V 1 is isometry we have A = 0, so that V 1 | K = V 1 . Since Q, V 2 are isometries and
for every k ∈ K and n ≥ 0. Consequently
Since K = span{V n 2 k : k ∈ K, n ≥ 0}, from above equation, we get (I − V * 1 V 1 ) = 0, i.e., V 1 is an isometry. Moreover, since minimal isometric dilations are liftings we have V * Proof. Suppose ( V 2 , H) is the minimal unitary dilation of V 2 . Then H = span{ V n 2 H : n ∈ Z} and V 2 is an extension of V 2 . Define V 1 : H → H by
where Q = (Q ⊕ I H⊖H ) ∈ B( H). Then for all h, h ′ ∈ H and n ≥ m, Thus V 1 is a well defined isometry. Clearly V 1 is an extension of V 1 . Moreover, Q V 1 V 2 = V 2 V 1 on H. Suppose (U 1 , K) is the minimal unitary dilation (and hence an extension) of V 1 , so that K = span{U
